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Abstract— In this paper a two-step trajectory planning al-
gorithm is applied to generate suitable trajectories for an
autonomous parking maneuver of a car. It is shown how
important requirements of the automotive industry can be met
with the proposed approach. Furthermore, some details on the
implementation of the algorithm are given, which are essential
to obtain reasonable computation times.

I. INTRODUCTION

Currently, the automotive industry develops parking as-
sistance systems supporting the driver during a parking
maneuver. A trajectory planning algorithm, which generates
a suitable collision-free path from a given start to a required
goal position within the parking space that satisfies all
kinematic constraints, is a central component of such a
system. This kind of problem belongs to the most frequently
considered examples in robotics literature, where various
solution approaches are available, e.g. planning based on
neural-networks, fuzzy-techniques, dynamic programming,
numerical continuation methods and two-step algorithms
making use of small-time controllability (see [1], [2], [3] and
references therein). Nevertheless, rather empirical methods
are applied for this task in practice (see e.g. [4], [5], [6]).
One reason might be that many authors examined the case of
completely autonomous maneuvering, whereas most versions
of assistant systems only act on the steering mechanism of
the car, such that the driver still has to control the velocity by
himself. Another problem of the systematic techniques is that
often complex computations are involved which are difficult
to accomplish in real-time. Furthermore, some properties
required by the automotive industry, like that the resulting
trajectory should approximately reflect the behavior of a
human driver or that steering at standstill should be avoided,
are rather hard to integrate into the available systematic
frameworks.

In this contribution a suitable version of a two-step al-
gorithm is developed, which satisfies the requirements for
a real-life application mentioned above. Moreover, the ap-
proach is based on a solid theory guaranteeing that a solution
is always found provided that one exists. In principle, the
proposed method is a combination of the collision-free plan-
ning algorithm developed in [7] and the trajectory planner
for a car-like vehicle introduced in [8]. Having adapted the
basic algorithms to the special requirements of the parking
problem the condition that the velocity cannot be controlled
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directly can be taken into account and the demanded qual-
itative properties of the resulting trajectories can be met.
Furthermore, it is shown how reasonable computation times
can be achieved by performing major parts of necessary
expensive calculations offline. In this context, some details
on a smart implementation structure of the algorithm are
given.

In the next section an appropriate model of a car is
introduced and the considered trajectory planning problem
is formulated more precisely. Moreover, some basic conse-
quences resulting from the special structure and fundamental
properties of the car model are stated. In Section III the
principles of the proposed two-step approach are explained,
before the efficient implementation is addressed in Section
IV. Finally, a simulation result is presented in Section V
followed by some concluding remarks in Section VI.

II. PROBLEM STATEMENT AND PRELIMINARIES

A. Control Model

First, the problem stated during the introduction is spec-
ified more precisely applying basic tools and notions from
robotics literature (see e.g. [1]). As shown in Figure 1 the
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Fig. 1. Workspace W with car body A and obstacles Bi

body of a car A is approximated as a compact set of points
within a rectangular region moving in a two-dimensional
Euclidean space, which is referred to as workspace W .
Analogously, obstacles in the neighborhood of the parking
space are represented as the compact sets of points Bi, i =
1, 2, . . . , m. Assuming small velocities the dynamics of a car
having axle base L can be described by a single-track model
satisfying the state equations
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with the state variables as defined in Figure 1. The inputs
v and ω are the car velocity at the point [x, y]T and
the angular steering velocity, respectively. Furthermore, the
steering angle and angular velocity are constrained according
to |φ| ≤ φmax < π

2 and |ω| ≤ ωmax. The system description
(1) can be further simplified by introducing the new state
κ = 1

L
tan φ and the new input σ = 1

L cos2 φ
ω which yields









ẋ
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with the configuration1 vector q = [x, y, θ, κ]T and the
restrictions

|κ| ≤ κmax =
1

L
tan φmax (3)

|σ| ≤ σmax =
1

L
ωmax ≤

1

L cos2 φ
ωmax (4)

Note that in (4) the resulting state-dependent constraint of the
new input σ is estimated by a lower state-independent bound,
which is reasonable as long as cos2 φ ≈ 1, i.e. the upper
bound of |φ| remains well beneath π

2 . In order to simplify the
statement of a collision condition the so-called configuration
obstacles

CBi = {q ∈ C
∣

∣A(q) ∩ Bi 6= ∅}, i = 1, 2, . . . , m (5)

are introduced according to [1], where A(q) means all points
in W covered by the body of the car at the configuration q.
It should be mentioned that the configuration obstacles CBi

are compact sets, since A and Bi are compact (see [1]).

B. Parking Problem

The problem considered in this paper can be formulated
as follows.
Suppose that a collision-free start configuration qs and a
collision-free goal configuration qg are given. Find feedfor-
ward control inputs vd(t) and σd(t) steering the system (2)
without violating the constraints (3)–(4) from q(0) = qs at
time t = 0 to q(T ) = qg at t = T > 0 such that

(a) q ∩ CBi = ∅ ∀t ∈ [0, T ], ∀i = 1, 2, . . . , m, and
(b) vd(t) is piecewise constant with |vd| = vmax.

Furthermore, the solution should satisfy the qualitative con-
ditions that

(c) the parking duration T is sufficiently small and
(d) only few changes of the sign of vd(t) occur.

Note that the condition (b) of the list above is only stated
for planning issues and does not represent unrealizable
requirements for the implementation. It allows for the fact
that the driver determines the absolute value of the velocity
v(t), meaning that the controller can only manipulate the
second input σ and the points where the direction of motion

1As common in robotics the state space of (2) is called configuration
space C and its elements configuration variables throughout this paper.

is changed, i.e. the sign of the first input v. In this case, if
v(t) can be measured and is assumed to be bounded by

|v(t)| ≤ vmax ∀t ∈ [0, T ] (6)

trajectory planning can be accomplished assuming the con-
stant absolute value |vd| = vmax. This can easily be seen by
considering the problem in terms of arc-length s instead of
time t, i.e. by using s = s(t). With |v| = ds

dt
and by v 6= 0

the state equations (2) can be rewritten as

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where σ̄(s) = σ(t(s))

|v(t(s))| and the notational abbreviation (·)′ =
d(·)
ds

is used. Now assume that σd(t) and vd(t) solving the
parking problem are known, which implies |vd(t)| = vmax

according to condition (b). This solution corresponds to the
control

σ̄d(s) =
σd(

s
vmax

)

vmax

(8)

of the arc-length based model (7). In order to steer the vehicle
along the same path with a different velocity v(t), (8) must
be retransformed to time resulting in the input

σ̃d(t) = σ̄d(s(t))|v(t)| = σd(
s(t)

vmax
)
|v(t)|

vmax

(9)

with s(t) =
t
∫

0

|v(τ)|dτ , which can easily be implemented

if v(t) is measured. Since |σ̃d(t)| ≤ |σd(t)| in view of
(6) the constraint (4) is satisfied meaning that the resulting
feedforward control (9) in combination with the driver-
determined velocity v(t) is admissible.

An important question is if and on what conditions a
solution to the parking problem exists. As shown in [2]
the system (2) including the constraints (3)–(4) and the
restriction |v(t)| = vmax is small-time controllable (see
[2] for the definition of small-time controllability). As a
consequence, if there is any collision-free connection in C
from qs to qg, there also exist feasible controls σd(t) and
vd(t) with |vd(t)| = vmax steering the system (2) from qs to
qg along a collision-free trajectory. Hence, assuming realistic
parking situations a solution can always be found as long as
the parking space is at least as large as the body of the
car. Obviously, however, the qualitative requirements on the
necessary time T and the number of maneuvers (conditions
(c) and (d)) cannot be met for very small parking spaces.

C. Flatness of the Car

Another very important property is the flatness (see [9])
of the unconstrained system (2). Roughly speaking flatness
can be characterized by the existence of a flat output yf with
the same dimension as the input vector. If the trajectory for
the flat output yf is known, the trajectories x and u solving
the system equations can be calculated by using algebraic
equations. Thus, trajectory planning and feedforward control



problems can be solved algebraically for flat systems. In [10]
it is shown that a flat output for (2) is given by

yf = [yf1, yf2]
T = [x, y]T (10)

Consequently, all system variables can easily be calculated
without integrating the differential equations if the evolution
of the position yf(t) = [x(t), y(t)]T and its derivatives with
respect to time are known. This is proved within a general
framework in [10], where a natural parametrization is used
in order to avoid singularities and ambiguities. However, for
the purpose of this paper it is convenient to assume that v(t)
is piecewise C2 with v2(t) = ẋ2(t) + ẏ2(t) 6= 0 ∀t ∈ [0, T ]
and that the direction of motion dv(t) = sign(v(t)) is known,
which allows the straightforward derivation of the differential
parametrization of the remaining states and inputs

θ = dvatan(ẏf2, ẏf1) (11)

κ =
ÿf2ẏf1 − ẏf2ÿf1
(

ẏ2
f1 + ẏ2

f2

)
3
2
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where atan(· , ·) is the four-quadrant inverse tangent func-
tion. Note that (11)–(14) are not defined on points of discon-
tinuity of v(t) (see condition (b) of the parking problem).

Thus, if a feasible reference trajectory yfd(t) =
[xd(t), yd(t)]

T in the workspace W is determined the corre-
sponding evolution of the other configuration variables θd(t)
and κd(t) as well as the feedforward controls vd(t) and σd(t)
can readily be calculated by means of (11)–(14).

III. TWO STEP APPROACH

A. Motivation and Principle

Collision avoidance as well as steering of dynamical
systems in the presence of input and state constraints are hard
problems when taken separately. To avoid the difficulty of
fulfilling both tasks simultaneously the solution presented in
this paper is based on a two step approach (see e.g. [2], [11]).
First, a collision-free curve connecting the start and goal
configuration qs and qg is determined in the configuration
space neglecting the system dynamics (2) and constraints
(3)–(4). This so-called path can be written as a continuous
map

τ : [0, 1] → C, τ(0) = qs, τ(1) = qg (15)

which satisfies the condition

τ(ξ) ∩ CBi = ∅, ∀ξ ∈ [0, 1], ∀i = 1, 2, . . .m (16)

for collision avoidance. Second, a feasible trajectory
yf,d(t) = [yf1,d(t), yf2,d(t)]

T for the flat output is planned
by moving roughly along the collision-free path at the
piecewise constant velocity |v| = vmax (see condition (b)).
Recall that any trajectory planned for the flat output in W
can easily be converted into a corresponding trajectory qd(t)

in C by means of (11)–(12). Within this second phase the
obstacles are not considered explicitly. However, in principle
it is always possible to find an obstacle-free trajectory using
this approach, since the small-time controllability property
(see Section II-B) guarantees that τ can be approximated by a
feasible trajectory staying in an arbitrary close neighborhood
of τ in C. Moreover, as the configuration obstacles are
assumed to be compact, every point of τ is surrounded by
an obstacle-free neighborhood.

The conversion of the collision-free path τ into a feasible
trajectory can be implemented using the following iterative
algorithm (see [2]). At initialization stage a suitable number
of p ascending sampling points

q̄i = τ(ξi), 0 = ξ1 < ξ2 < . . . < ξp = 1, i = 1, . . . , p (17)

on the obstacle-free path τ connecting qs and qg is chosen.
Ignoring the obstacles each pair of successive configurations
q̄i and q̄i+1 is connected by a feasible trajectory yf,d(t)
satisfying the state and input constraints (3)–(4). For that task
a so-called local trajectory planner Steer is needed which
must be able to calculate a connecting trajectory between
any two configurations (see Section III-C), i.e. Steer can be
interpreted as a map

Steer : C × C × [t1, t2] → C (18)

such that Steer(q1, q2, t1) = q1, Steer(q1, q2, t2) = q2 and
the continuous curve Steer(q1, q2, t), t ∈ [t1, t2], represents
a feasible trajectory with respect to (2) and the constraints
(3)–(4). Next, the resulting sub-trajectories are tested for
collisions with obstacles. If a sub-trajectory connecting q̄i

and q̄i+1 is not collision-free an additional sampling point
between q̄i and q̄i+1 on τ is added such that the distance of
successive configurations is reduced. The underlying idea is
that the connecting trajectory of two near configurations stays
closer to τ than the connection of two configurations located
far away of each other. This expectation is well-founded if
the algorithm Steer satisfies the topological property

∀ε > 0, ∃η > 0, ∀q1, q2 ∈ C

||q2 − q1|| < η ⇒ ||Steer(q1, q2, t) − q1|| < ε ∀ t ∈ [t1, t2]
(19)

(see [2]), where || · || means any norm defined on C. In
fact, it is shown in [2], [12] that a collision-free path can
be tracked arbitrarily close using the outlined procedure in
combination with a local trajectory planner fulfilling (19).
Thus, the proposed algorithm which converts an obstacle-free
path τ into an obstacle-free feasible trajectory is complete
provided that the employed local trajectory planner satisfies
the topological property. As a consequence, the described
two step approach always results in a solution to the parking
problem assuming that one exists and that the algorithm used
for determining an obstacle-free path is complete.

B. Step 1: Obstacle Distance Optimized Path Planner for
Generating a Collision-free Path

So far nothing was said about how the qualitative con-
ditions (c) and (d) of the parking problem can be taken



into account. In fact, the required properties can be achieved
by choosing suitable solution methods for the two separate
steps of the algorithm. First, condition (d) is considered, i.e.
the avoidance of unnecessary shifts in direction. As shown
in [12], [7] the number of maneuvers generally is reduced,
if only few sampling points on the collision-free path are
needed. Following the ideas of [7], a reduction of the number
of necessary sampling points can be obtained by planning the
collision-free path τ in C such that it stays as far away from
the obstacles as possible since this assures maximum free
space for the succeeding trajectory evaluation.

For this task a measure of distance on the configura-
tion space C is required and it is easily checked that the
convenient Euclidean metric is not appropriate. Instead, the
shortest feasible path (SFP) metric (see [7], [13])

dSFP : C × C → R
+
0 (20)

is introduced being defined as the arc-length in W of the
shortest feasible connecting trajectory between two configu-
rations. Figure 2 shows the motivation for this definition,
which implicitly takes the restrictions of motion of the
vehicle into account: The SFP distance dSFP (q, q1) to a
destination q1 requiring a sideway motion is large whereas a
small distance value dSFP (q, q2) is assigned to a destination
q2 which can easily be reached from q without maneuvering.
The introduced concept can easily be extended to describe
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the SFP distance dSFP (q, CBi) between a single config-
uration q and a configuration obstacle CBi which can be
expressed as

dSFP (q, CBi) = min
q̂∈∂CBi

dSFP (q, q̂) (21)

where ∂CBi is the set of boundary points of CBi and it is
assumed that all configuration obstacles CBi are compact
(see [1]). In addition, the SFP distance of q to the entire
obstacle distribution CB is introduced as

dSFP (q, CB) = min
i

dSFP (q, CBi) (22)

for notational convenience.
Using the SFP metric the obstacle distance optimized

path planning algorithm, which is illustrated for a parallel
parking scheme in Figure 3, can be roughly described as
follows. Starting from the start configuration qs and the
goal configuration qg continuous subpaths τs and τg with
τs(0) = qs and τg(0) = qg are planned, respectively,
such that the minimum distance to all obstacles is (locally)
maximized and that one moves roughly into a given priority
direction. After τs and τg have reached a prespecified region
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of C the subpaths are combined to an overall path τ from qs

to qg either by using an intersection point between τs and τg

or by adding a particular connecting subpath τc calculated
on the basis of the symmetry of the obstacle distribution.
The details of the algorithm are given in [12].

Obviously, the algorithm outlined above can only be
implemented if the effort to calculate the SFP distance to
obstacles according to (21) is limited. Even the actual com-
putation of the SFP distance between two single configura-
tions, however, implies the evaluation of the shortest feasible
trajectory with respect to the vehicle model (2) and the
constraints (3)–(4). Unfortunately, this task still represents an
unsolved problem in the optimal control literature (see e.g.
[14]). A possible remedy is to use the SFP distance induced
by removing the restriction (4), i.e. allowing arbitrarily fast
steering by setting σmax → ∞. On that condition Reeds and
Shepp [15] showed that the corresponding shortest feasible
trajectory for the flat output yf consists of a concatenation of
straight-line segments and arcs of circles in W . Furthermore,
they proved that the shortest trajectories can be classified in
48 three-parameter families. For the sake of completeness
it should be mentioned that Sussmann and Tang [16] could
reduce the number of sufficient families to 46. In principle,
the calculation of the SFP distance for the case σmax → ∞
can now be accomplished as follows. Given two config-
urations one can determine the three defining parameters
for each of the 48 trajectory candidates, calculate their arc-
lengths and take the minimum arc-length as the required SFP
distance. The actual computational complexity is somewhat
lower since the evaluation of only 9 trajectories is sufficient
due to symmetry properties. The details of the calculation of
the SFP metric can be found in [13]. Note that being able
to compute the distance between two single configurations
the evaluation of the obstacle distance according to (21)
is also feasible but computational expensive. However, as
will become clear in Section IV-A most of the expensive
calculations can be accomplished offline.

C. Step 2: Continuous Curvature Trajectory Planner for
Generating a Feasible Trajectory

A small parking duration T as required in the qualitative
condition (c) of the parking problem can be achieved by
using a suitable algorithm for the trajectory generation.
The core of this second step is formed by the continuous-
curvature (CC) local trajectory planner Steercc proposed in



[8]. By construction this particular algorithm yields short tra-
jectories, although no strict optimality condition is satisfied.
Moreover, it fulfills the state and the input restrictions (3)–
(4) explicitly and can easily be extended in order to satisfy
the topological property (see Section III-B). For details the
reader is referred to [8], [17].

IV. IMPLEMENTATION

Focusing on the first step of the outlined algorithm (see
Section III-B) it is shown in the sequel, how the most compu-
tational expensive calculations can be accomplished offline.
Furthermore, some details on the numerical implementation
of the method are given.

A. Obstacle Distribution

As explained in Section III-B the actual evaluation of the
SFP obstacle distance dSFP is very computational expensive.
Thus, it is desirable to accomplish as much of the necessary
calculations offline as possible, which is only feasible, if
the number of considered obstacle distributions can be re-
stricted without loosing significant amounts of generality.
In case of the parking problem, a straight line ∂BL and
a half straight line ∂BHL are chosen as basic elements of
obstacle boundaries in W . Recall that, since all obstacles are
assumed to be compact, the definition of their boundaries
is sufficient (see (21)). Figure 4 illustrates how typical
parking situations can be approximated using these simple
geometrical components. Assuming simplified geometrical
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obstacle distributions of this form the computation of the SFP
obstacle distance can be accomplished in the following steps.
First, the SFP distance values to a reference half straight line
and a reference straight line obstacle are stored in look-up
tables, respectively, for all car configurations on a sufficient
narrow grid of sampling points within a significant range.
This computational expensive step can be performed offline.
Second, the measured shape of a specific parking space is
estimated by combining line segments representing shifted
and rotated copies of the reference elements (see Figure 4). In
terms of the look-up tables shifting and rotating can easily be
taken into account by shifting indices. Thus, the SFP distance
of a given car configuration to the entire obstacle distribution
can be determined by calculating the corresponding indices
and taking the minimum value of the looked-up distances
to all basic elements. Only this second step, which mainly

consists of looking-up a small number of values in memory,
has to be executed online.

B. Symmetry of the Basic Obstacle Elements

It is obvious that the reduction of online computing
time faces considerably higher memory requirements since
without further measures two 3-dimensional look-up tables
must be stored. Note that by setting σmax → ∞ the SFP
obstacle distance becomes independent of σ, i.e. the fourth
dimension can be omitted in the first place. However, the
amount of necessary memory can be reduced significantly
by using the symmetry properties of the basic boundary
elements. First, focus on the reference straight line element
∂BL illustrated on the left of Figure 5. It is immediately ap-
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parent that the corresponding SFP distance dL
SFP (x, y, θ) =

dSFP ((x, y, θ)T , ∂CBL) does not depend on x meaning that
a two-dimensional look-up table is sufficient. Furthermore,
the relations

dL
SFP (x, y, θ) = dL

SFP (x, y, π − θ) (23)

and
dL

SFP (x, y, θ) = dL
SFP (x,−y, 2π − θ) (24)

hold which allow the restriction to positive angle values
0 ≤ θ < π and positive y-coordinates y ≥ 0. The
symmetry of the reference half straight line segment ∂BHL

is indicated on the right of Figure 5. Obviously, the SFP
distance dHL

SFP (x, y, θ) = dSFP ((x, y, θ)T , ∂CBHL) satisfies

dHL
SFP (x, y, θ) = dHL

SFP (x,−y, 2π − θ) (25)

which means that the values for y < 0 can be omitted.
In addition, in regions where x � xe the endpoint has no
impact, i.e. the relationship

dHL
SFP (x, y, θ) = dL

SFP (x, y, θ) for x � xe (26)

permits the truncation of small x values in the look-up table
corresponding to ∂BHL.

C. Numerical Calculation of Distance Look-up Tables

Assuming that an algorithm for the SFP distance eval-
uation dSFP (q1, q2) between two discrete configurations
q1 and q2 is available (see Section III-B), the numerical
calculation of the SFP obstacle distance dSFP (q, ∂CBi)
between a configuration q and an obstacle CBi can be



accomplished by means of a direct numerical implementation
of expression (21). The computation is divided into two parts:
First, discrete points on the boundary of the configuration
obstacle ∂CBi are determined. Second, the SFP distances
to all discrete configurations on the obstacle boundary are
calculated and the minimum operation is applied. The actual
realization of the first step is explained using the example
of a half straight line obstacle element ∂BHL. Recall that
the boundary of a configuration obstacle is defined by all
configurations q where the body of the car touches the
obstacle. Thus, the basic idea is to determine the obstacle
boundary by recording all configurations while moving and
turning the car in the workspace W such that its body
remains in touch with the obstacle. Due to the fact that the
rectangular-shaped car body represents a convex polygon and
the obstacle distribution is a polygonal region (see [1]), only
eight possible contacts between the car body and the obstacle
can occur, namely that one of the four vertices of the car
lies on the half straight line element or that the vertex of
the half straight line lies on one of the four edges of the
car. Since each case can be described by simple geometrical
conditions (being omitted for lack of space), discrete configu-
rations of ∂CBHL can be scanned with respect to a suitable
discretization grid by the outlined fundamental procedure.
The second step for actually evaluating dSFP (q, ∂CBHL) is
straightforward.

V. SIMULATION RESULTS

The proposed approach was implemented in MATLAB
and tested for several different sets of car parameters and
various parking situations. For the parallel parking situa-
tion shown in Figure 6 car parameters corresponding ap-
proximately to the configuration of a VW Golf are as-
sumed. Furthermore, the maximum steering velocity ωmax =
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Fig. 6. Distance optimized path and resulting trajectory for a parking space,
which is 1.4m longer and 0.4m wider than the body of the car.

0.43rad/s is chosen such that the steering angle can be
changed from maximum left to maximum right in about
3 seconds. The simulation result verifies that the algorithm
is able to handle tiny parking spaces as well as unsuitable
start configurations. Moreover, the resulting trajectories are
natural, i.e. they are similar to the behavior of a human driver.

Using the current implementation in MATLAB, the total
computation time for the example in Figure 6 was about
2.5s on an AMD Athlon XP 1800+. However, there still

is a great potential for optimizing the computing time left
unfulfilled, especially with respect to the realization of the
second step of the algorithm (see Section III-C). In view
of this aspect and the fact that MATLAB is a resources
consuming platform, suitable calculation times of less than 1s
seem feasible with the proposed approach. At the same time,
the memory requirements are rather moderate. For instance,
the obstacle distance look-up tables applied for the example
in Figure 6 require a total of about 2.5MByte RAM using
the sufficient numerical precision of one byte per value.

VI. CONCLUSIONS

In this contribution a two-step algorithm generating suit-
able trajectories for an autonomous parking maneuver was
presented. Apart from the basics of the proposed procedure,
some aspects of its efficient implementation were addressed
in detail. In particular, it was shown that using appropriate
approximations of realistic parking environments expensive
calculations can be accomplished offline.
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[9] M. Fliess, J. Lévine, P. Martin, and P. Rouchon, “A Lie-Bäcklund
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